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Suffcient conditions are obtained for the oscillation of all the
solutions of the neutral functional difference equation
Am(yn - pnyr(n)) + qnG(ya(n)) = fn_
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l. INTRODUCTION
In this paper, sufficient conditions are obtained so that every solution of

A" (Y, =PY. )+ 9,G, ) =F. (1.1)
oscillates or tends to zero or +o0 as n — oo, Where A is the forward difference operator given by Ax,=Xp+1 — Xp ,
Pn, On and f,, are infinite sequences of realnumbers with 4,>0,GEC(R, R).
Further we assume {t (n)}, {o(n)} are monotonic increasing and unbounded sequences such that t
(n) <n, o(n) <n for every n. Different ranges of {p,}are considered. The positive integer m can take both odd
and even values. Let N; be a fixed nonnegative integer. Let Ny = min{t (N1), o (N1)}. Bya
solution of (1.1), we mean a real sequence {y,}which is defined for all positive
integer n > N and satisfies (1.1) for n > N;. Clearly if the initial condition

Yn = a, for No<n<N;+m-1 1.2)

is given then the equation (1.1) has a unique solution satisfying the given initial condition (1.2).
Asolution {y,} of (1.1) is said to be oscillatory if for every positive
integer no > Ny, there exists n > ng such that v, Yo+ <0, otherwise {yn} is
said to be non-oscillatory. The function G is said to have linear growth (or to be
linear) at infinity, if limx—oo |G(X)|/X is a positive constant. G is super-linear if
limx—oo |G(X)|/ X = o0, and G is sub-linear if limx—o |G(X)|/X = 0.
In the sequel, we shall need the following conditions.
(HO) G is nondecreasing and xG(x) > 0 for all real x # 0.
(Hl) Z::O C|n =

(H2) There exists a bounded sequence { Fn ¥ such that A™F, = f, and
limy_o Fnh=0.

Remark 1.1. If the condition | = 77— n, " m-t f |< oo is satisfied, then (H2) holds.
Indeed, if we define
1"
F - (-1)
(m-1)!

S (j-n+m-1"7f

j=n

Then ATF, = f,and lim,_,.. F, = 0. Thus (H2) holds.

We assume that p,, satisfies one of the following conditions in this paper.

(A1) 0<p, <b<1], (A2) —1<-b<p, <0
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(A3) —b, <p, <-b; <1, (A4) 1 < by <pn < by,
(A5) 0 < pp < by, (AB) — b, <pn, <0,
(A7) 1 <py < by,
where b,h; h2 are positive real numbers.

In recent years, several papers on oscillation of solutions of neutral delay differ-
ence equations have appeared, see [1]-[13] and the references cited there in.
Sufficient conditions for oscillation of

AT (Yo~ PYni)+ 3G (Vo) = . (1.3)

are studied in [10]. In that paper, pn is confined to (A2) only and G is restricted
with a sub-linear condition

¢ du
J“’ G (u)

In [12] the authors find sufficient conditions for the oscillation of solutions of neutral
equation

< o, (1.4)

A"(y,-p,y, )+qa, Y., =0, (15

where o < 1, isa quotient of odd integers and p,, satisfies (A1) or (A2). Moreover, we observe that the existing
papers in the literature do not have much to offer when

pn satisfies (A4), (A6) or (A7). In this direction we find that, the authors in [5]

have obtained sufficient conditions for the oscillation of solutions of the equation

Am(yn_pnynfk)_'_qnG(ynfr)=0‘ (16)
with (A4) or (A7) and presented some results which are proved to be wrong (see

[1, page 72] for the results and counter example).
In a recent publication [1], the authors considered (1.1) and most of the results hold for G satisfying

(H3)  lim inf |u|—>oo%2§>0
u

Due to this assumption these results cannot be applied to (1.1) when G(x) = x¢
and o < 1. To make things more clear, consider the neutral equation (1.1) in the
following particular case.

Example 1.2.

m 1 1 a -3na
AT, ==Y, )+ yo,=2"", (1.7)
8 2

a

where m is any integer > 1, o is the quotient of any two odd integers. clearly
Yo = 2—3n is a solution of (1.7), which tends to zero as n — oo. If a < 1 then in

this case, G(x) = x%, does not satisfy (H3) and the results in [1] fails to answer the

behaviour of solutions of this neutral difference equation. The above example shows that due tothe
restriction  (H3)in[1], aclass of neutral difference  equations  are left out. Hence, we
remove this restriction in the present

work to accomodate the class of sublinear equations. Moreover, our results hold

true for homogeneous equations associted with (1.1).

1.  MAIN RESULT
To begin with, we state a lemma, that would be useful for our work. The
following lemma which can be easily proved, generalizes [4, Lemma 2.1].

Lemma 2.1. Let {f,}, {0} and {p.} be sequences of real numbers defined for
n > Ny > 0 such that
fn = qn_pnqr(n)' nz NlZ NO'
where z(n) < n, is member of a monotonic increasing unbounded sequence. Suppose  that p, satisfies
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one of conditions (A2), (A3) or (A5). If g, > 0 for n >Ng, liminf  q =0

and lim _ f =L existsthen L = 0.

Theorem 2.2. Let m> 2. Suppose that, p, satisfies one of the conditions (A1) or
(A2). If (HO), (H1) and (H2) hold, then every solution of (1.1) oscillates or tends
to zero as n — oo.

Proof. Lety =y, be an non-oscillatory solution of (1.1) for n > N;. Theny, >0
or y, < 0. Suppose y, > 0 eventually. There exits positive integer no > N; > 0

such that y, > 0, Yo = 0, and Yorny = 0 for n > n,.. For simplicity of notation,

define for n > ng ,

Zo = Yn— pnyr(n)' (21)
Set,
Wn =2 — Fp. (2.2)
Then using (2.1)—(2.2) in (1.1), we obtain
A™w, = - 4,G(ys(n)) < 0. (2.3)
Hence Wn, AWy, . . ., Amilwn are monotonic and single sign for n >n; > n,.
Then

lim o Wy, = A, where —oo < A < +oo. We claim that y, is bounded. If not then
there exists a sub sequence {y }such that

Nk

ng—o, y — oo as k — oo,
and
y(ng) = max{y, : n; <n<ng}. (2.4)

We may choose ng large enough so that for z(n¢) > ny, o (nK) > n;. Then from
(H2) it follows that, for 0 < <, we can find a positive integer n, such that, for

k> n, > n, implies ||:nk | <y , for some constant y > 0.

Consider the first case that Pn satisfies (A1). Hence for k > n,, we have

w Zynk(l—b)—y.

LS

If we take the limitk — oo, thenwe find lim W, = oo, because of the monotonic

- 0
nature of w, Hence w,> 0,Aw,> 0 for n > n, > n;. Since AM w, = 0 and

is non-positive, it follows from (2.3) that Am_lyn > 0 for n > n3 > n,. Choose
0<ec<w, . Then by (H2) we have |F|< e for n>n, >n, Henceforn>n,

W, <Y, — F, <Y, ¢ which implies that 0< w -e<w,— c<y,. Setting

Uy = W, — €, N> N We obtain

0< Uy < VYn, AUy = AW, > 0, Am_lun = Am_lwn > 0,

and
Amun = Amwn = ~inG(y,,,) <0

Summing the above from ns to n — 1 and using (HO) we obtain
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m-1 m-1

n-1
AT u,=A" 0, - > k:nsqu(yG(k))

m-1

- n-1
<A u, —G(uﬁmﬁ))Z:k:n q,

Hence, taking the limit n — oo we obtain Am_lun< 0 by (H1), contradicting

Am_lun > 0 for large n. Hence our claim holds.
Cosider the other case, that is, (A2) is satisfied. Then for k > n,, we have

Wnk = ynk - Y.

Taking the limitk — oo, we find lim w_ = co. Proceeding asin the first case

n—

for (A1), we prove that w, > 0, Aw, > 0 and am—1

is increasing, we have, for n > n, > ng
(1 - b)Wn =w, + anr(n)

= Y0~ Fa = By Pyny Yoy — PaFeny

<Yn— Fn— pnFr(n) (2.5)
For 0 <c< (1-b) w_, there exists n, > n; such that |F| <c/2 forn=>n,

w, > 0 for n > n,. Since wj,

From (2.5) it follows that
(17b) Wn3<17b)wn§yn+5/2 7pn€/2<yn+6

For n>ns > ng, because w, is increasing and —p, < 1. Setting u, = (L1 -b)w, —«
for n > ns, we obtain
0<(@-bw, - <<un<yn,

A= (1 -baw, >0, A™ Ly =@ -pa™ tw, >0
and

AN, = 1 - AMw, = —(1 - b)g,G (Yo (n)). (2.6)
Summing (2.6) from ns to n — 1 we obtain

m-1

AT <A —@-0)Y a6 ()

1

me n-1
<A uns7(17b)G(uﬂ(n5))Z:n aq,.

m_1un < 0 for large n, due to (H1), a contradiction.

because u,, is increasing. Hence A
Thus, vy, is bounded. Consequently, whether p, satisfies (Al) or (A2), w, is
bounded and hence

)M KAKw <0 k=12 .., m-1, @.7)

forn > ng > ng. If liminf,_.y, =1>0 then y, > u>0forn > n; > ns
Hence from (2.3) we get

m-1 n-1

A" w, < Am’lwg(nnfG(#)Zk:U(m
Taking limit n — oo and using (H1), we obtain Am_lwn — —ooasn — oo, a
contradiction to (2.7). We conclude that liminf y» = 0. Since Wh is bounded,

lim _ _ w, exists due to (2.7) whether mis odd or even. Inview of (H2) and (2.2),

n—

qy -

we find that lim Z, exists. Applying lemma 2.1 to (2.1), we obtain lim ,,_,, z, =

0. 1f (Al) holds then for n>n,, z, >y, - by, implies y, <z, + by, . Hence
limsup, ..y, <lim  _z +blimsup, V.., thatis, (1—b) limsup, , yn <
0. Consequently, lim,_, ..y, = 0.

If (A2) holds then y, < z, for n > n;. Hence lim,_,..y, = 0.
If y, <0, for n > ny then we set x, = —y, in (1.1) for n > n, to obtain
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A" (X, = P X)) + 6,6 (X, ) = T, (2.8)
where

f, =—f, G(v) =-G(-v). (2.9)
Further,

F,=-F, implies A"(F)=f,. (2.10)

Then it can be easily verified that ¢ satisfy the condition corresponding to
the condition (HO) satisfied by G. Also, F satisfy the condition corresponding

to the condition (H2) satisfied by F. Proceeding as in the proof for the casey, > 0
we obtain lim X, =0, that is lim ..y, = 0. Thus, the theorem is proved [

As a consequence of Theorem 2.2 we get the following.

Corollary 2.3. Under the assumptions of theorem 2.2, every nonoscillatory s olu-
tion of (1.1) tends to zero as n — oo and hence, every unbounded solution of (1.1)
oscillates.

Remark 2.4. Theorem 2.2 remains true if f, = 0.

Theorem 2.5. Suppose that (HO) and (H2) hold. Further assume that the following
conditions hold.
(H4) For u> 0 and v > 0, there exists g > 0 such that

G(u)+G(v) 2 pGu+v) and G(U)G(V) > G(uv).

(H5) G(~x) = ~G(x).
(H6) > ? q, = where q, = min[d,.q. 1

(H7) o(z(n)) = (a(n))

If pn satisfies (A6) then every solution of (1.1) oscillates or tends to zeroas n — oo.

Proof. Proceeding as in the previous proof, we show lim,_,. W, = l and —eco < | <
0 is not possible. We may observe that lim z, = limw, and y, < z, due to (H2)
and (A6) respectively. Hence | = 0 implies lim,_ ..y, = 0. Assume, if possible,

that 0< | < oo. Hence z,> 1> 0 and Am_lwn > 0 for n > n, > n;. Then using
(HO), (H4)—(H7), we deduce from (2.3) that
0=AMwn + InG(Ya(n)) + G(=p,n )[AmWr(n) + 0, C Yeony)]

> AMwn + G(02)A™w ) + Bq” G(Z, ()

> AMwn + G(2)AMw, ) + G(2) o7 .
Summing the above inequality and using (H6) we get
A Ly + G(bz)Am_lw,(n) <0

for large n, a contradiction. If y, < 0, eventually for large n, then we may proceed
with x, = =y, as in the proof of the Theorem 2.2 and note that, x,, is a positive

solution of (2.8) with (2.9) and (2.10). Further, we note that, (H5) implies G=
G . Then proceeding as above, in the proof for the case y,>0, we prove that
lim _ vy, =0 and complete the proof of the theorem.

— o
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Remark 2.6. (H6) implies (H1) but not conversely.

Remark 2.7. The prototype of the function G satisfying (HO), (H4), and (H5) is

G(u) = (8 + |u/M)|ul*sgn(u), where 2 >0, > 0,4+ u>1 4> 1. For verification
we may take help of the well known inequality (see [14, p. 292])

) . [(u+wv)’, 0<p<l,

u +v 2=
L21’p(u +v)", px>1.

Definition 2.8. For any positive integer n > no, define

7' (n) ={m:mis an integer >n andz(m) = n}.

Theorem 2.9. Suppose that m is odd and ( HO ), ( H1) hold. If p, satisfies ( A7)

then every nonoscillatory solution of

AT = DY)+ 86G Vo) = O (2.12)
tends to =+ oo.

Proceeding as in the proof of theorem 2.2, we deduce from (2.3) that

- -1
limaAa™ "z, =24, — o =<Ai< .
n— oo

Suppose that —oo < A < co. Then (2.7) holds and we can show lim inf,_ ..y, = 0,
as in the proof of theorem 2.2. Then there exists a subsequence y such that

n, — oo and y, —>0ask — oo. As z, <y, . e have Iimsupzn < 0. Hence
A < 0. Similarly

Youoy TP Yo, > 7b2yﬂk (212)

ci(ng) e iing) 7 M

This implies liminf,_, - vy 2 0. Hence 2 > 0. Thus 4 = 0. Consequently,

(fl)m_"kAkzn <0 k=01..m- 1for large n,and IimerAkzn =0k =
0,1,...,m— 1. Since m is odd, Az, < 0 for large n. Hence z, > 0 for n > n,.
This implies y, >y, which further implies lim inf, yn > 0, a contradiction.

N—oo
1

Thus, A = —oo. From (2.12), we have y, >— b_z’_l” . This implies that
2
limh_. Yn = oo. Thus the proof of the theorem is complete.

Remark 2.10. Al | the above results hold when G is linear, super-linear, or sub-
linear. Next, we give few examples to establish the significance of our results.

Example 2.11. Consider the neutral equation

A" (Vn —lyn,lhn’ly:‘,2 =n 27 (2.13)
72
Where m> 2, o is a positive rational, being the quotient of two odd integers. In this
case, , - i satisfies (A1). Further, g, = n"lGx) =x%and fn= n~1a(2—n)
is clear that AT R Hence by Remark 1.1,it follows that
Fo = G (J—nem @ janey

Obviously, F, satisfies (H2). Clearly, the equation (2.13) satisfies all the conditions
of Theorem 2.2. Hence every non-oscillatory solution tends to zero as n — oo. In

particular y, = 27 MNis a non-oscillator y solution of (2.13),which tends to zero as

n — oo. However, if a < 1, then the results of [1] cannot be applied to the neutral
difference equation (2.13), because ( H3) is not satisfied. Again if o > 1 then results
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of [10,12] fail, due to the assumption of a sublinear condition on G, in these papers.

Example 2.12. Consider the neutral equation
A" (yn + in}r nlys, = (—l)m 27T e (2.19)
2

where m > 2, a is a positive rational, which is the quotient of two odd inte-
gers. Here, , __. satisfies (A2). Also, g, = n 1,G(x) = x* and f, =

(-1)Mp—n—m+1 o\ =15a(2=N)  Eqasily, we can verify that, S atir <

- n
n=n,

and the equation (2.14) satisfies all the conditions of Theorem 2.2 for (A2). Hence

Yn = 2 Nisa positive solution of (2.14), which tends to zeroas n — oo. However,

if a < 1, then the results of [1] cannot be applied to this equation, because (H3) is
not satisfied. Again if o > 1 then results of [10,12] fail as G is sublinear there.
Example 2.13. Consider the neutral equation

a(3-3n)

2

a m 4 -3n

i 1 . \ 1
A" (y, +8y, )+ —yl, =(-1) (1+2 )(1——23) 2
n

(2.15)

n

where m > 2, a is a positive rational, which is the quotient of two odd integers.
il .

'q, =minf[g, q,.,1= +
Further, we find t hat G(x)=x"and f, = (-1)" (1 + 2%y - 2%)”‘ p3n 200

n

In this case, p, = —8, satisfies (A3). Again, ¢, = n

The above neutral equation satisfies all the conditions of Theorem 2.5. Hence y, =p—3N
is a non-oscillatory solution of (2.15), which tends to zero as n — oco. However,

if a <1, then the results of [1] cannot be applied to this equation, because ( H3) is
not satisfied. Again if « > 1 then results of [10,12] fail as G is sublinear there.

Before we close we give our final comments which may be helpful for further
research.
. FINAL COMMENTS

In this article, our Theorem 2.2 deals with the range (Al) or (A2) for p,. Can we get
some result like Theorem 2.2 with (A1) and (A2) replaced bythe conditions 0 < p, < land -1 <p, <0
respectively. Further, when p, lies in (A6), wehavedoneTheorem 2.5 under (H6) which is stronger than
( H1).Someone may attempt with a changed technique and method to do a result similar to Theorem
2.5 under the weaker condition (H1). Our result Theorem 2.9 should be improved. An attempt may
be made to doit for the non-homogeneous neutral equation (1.1). Most significantly, we find
majority of the results including this paper, assume g, to have fixed sign. Results with g, changing sign
(see [ 7 ] for first order neutral difference equation ) are rare. One may extend and improve the
existing results on ¢, changing sign to higher order equations with m > 2
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